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a b s t r a c t
A digraph is k-transitive, if for any a path x0x1 . . . xk of length k, x0 dominates xk. A digraph
is a strong k-transitive digraph, if it is k-transitive and it is strongly connected. César
Hernández-Cruz proposed the following conjecture: Let k− 1 be a prime and D be a strong
k-transitive digraph. If | V (D) |≥ k+1,D contains an n-cycle, with n ≥ k and (n, k−1) = 1,
and D is not a symmetrical (k + 1)-cycle, then D is a complete digraph. In this paper, we
shall prove that the conjecture is true.
© 2012 Elsevier B.V. All rights reserved.
1. Terminology and introduction
We only consider finite digraphs without loops and multiple arcs. Let D be a digraph with vertex set V (D) and arc set
A(D). For any x, y ∈ V (D), we also write x → y if xy ∈ A(D). For disjoint subsets X and Y of V (D) or subdigraphs of D, X → Y
means that every vertex of X dominates every vertex of Y . An arc xy ∈ A(D) is called asymmetrical (resp. symmetrical) if
yx ∉ A(D) (resp. yx ∈ A(D)). A digraph D is said to be asymmetrical (resp. symmetrical) if every arc of D is asymmetrical
(resp. symmetrical). The converse of D is the digraph which one obtains from D by reversing all arcs. Let C = y0y1 . . . yky0
be a cycle of D. We denote by l(C) its length. For i ≠ j, yi, yj ∈ V (C)we denote by C[yi, yj] the subpath of C from yi to yj and
by l(C[yi, yj]) its length. An arc yiyj ∈ A(D)− A(C) is a diagonal of C if and only if yi, yj ∈ V (C) and l(C[yi, yj]) < l(C)− 1.
A digraph D is complete if for any pair x, y of V (D), x → y and y → x. A digraph is k-transitive, where k ≥ 2, if for any a
path x0x1x2 . . . xk of length k, x0 dominates xk. A 2-transitive digraph is called a transitive digraph. k-transitive digraphs have
been studied in [1–3]. For concepts not defined here we refer the reader to [1].
In [2], Hernández-Cruz characterized the structure of strong 3-transitive digraphs. In [3], the same author characterized
the structure of strong 4-transitive digraphs and proposed the following conjecture on a structural property of k-transitive
digraphs.
Conjecture 1.1 ([3]). Let k − 1 be a prime and D be a strong k-transitive digraph. If |V (D)| ≥ k + 1, D contains an n-cycle C,
with n ≥ k and (n, k− 1) = 1, and D is not a symmetrical (k+ 1)-cycle, then D is a complete digraph.
In Section 2, we will prove that the conjecture is true.
2. Main result
We begin with several useful lemmas.
Lemma 2.1 ([3]). A digraph D is k-transitive if and only if the converse of D is also k-transitive.
✩ This work is supported by the National Natural Science Foundation of China (61070229) (11026163) and the Natural Science Foundation for Young
Scientists of Shanxi Province, China (2011021004).
E-mail addresses:wangrx@sxu.edu.cn, lswwrx@163.com.
0012-365X/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2012.01.011
R. Wang / Discrete Mathematics 312 (2012) 1458–1460 1459
Lemma 2.2. Let k− 1 be a prime and D be a strong k-transitive digraph. If D contains an n-cycle C, with n ≥ k, (n, k− 1) = 1,
and V (D)− V (C) ≠ ∅, then D is a complete digraph.
Proof. Let C = y0y1 . . . yn−1y0 and s ∈ V (D) − V (C) be arbitrary. Now we show that V (C) → s → V (C). According to
Lemma 2.1, it suffices to prove s → V (C). First we show that s dominates some vertex of C . Since D is strong, there exists
a path from s to C . Let P = x0x1 . . . xt be the shortest path from s to C with x0 = s and assume, without loss of generality,
xt = y0. If t = 1, then s → y0. Suppose t ≥ 2. Note that xt−2xt−1xty1 . . . yk−2 is a path of length k, which implies xt−2 → yk−2,
a contradiction to theminimality of P . Hencewehave shown that s dominates some vertex of C , say y0. Because sy0y1 . . . yk−1
is a path of length k, s → yk−1. Continuing in this way, we have s → yl(k−1), l = 0, 1, 2, . . . . Since (n, k− 1) = 1, there exist
two integers a, b such that an+ b(k− 1) = 1. Hence for any i ∈ {0, 1, . . . , n− 1}, i = ain+ bi(k− 1) and so bi(k− 1) = i
(mod n). This together with s → yl(k−1), l = 0, 1, 2, . . . , implies that s → yi, i = 0, 1, . . . , n− 1.
For any pair x, y of V (D) − V (C), by the above argument, {x, y} → V (C) → {x, y}. From this we can obtain two
paths of length k, xy0y1 . . . yk−2y and yy0y1 . . . yk−2x, which imply x → y and y → x, respectively. Now we show that
y0 → V (C) − y0 → y0. Noting that C1 = y1y2 . . . yn−1xy1 is a cycle of length n ≥ k and V (D) − V (C1) ≠ ∅, by the above
argument, we see that y0 → V (C1)→ y0 and in particular y0 → yi → y0, i = 1, 2, . . . , n− 1. Similarly, we can obtain that
yi → yj → yi with i ≠ j. So far, we have shown that D is complete. The proof of the lemma is complete. 
Proof of Conjecture 1.1. In the proof of the conjecture, subscripts are taken modulo n. Let C = y0y1 . . . yn−1y0. 
Claim 1. For any a pair yi, yj of V (C), if j− i = n− k, then yj → yi; if j− i = k, then yi → yj.
If j − i = n − k, then assume, without loss of generality, that i = 0 and j = n − k. Since yn−kyn−k+1 . . . yn−1y0 is a path
length k, we have that yn−k → y0. If j− i = k, then assume, without loss of generality, that j = k and i = 0. Since y0y1 . . . yk
is a path length k, we have that y0 → yk. This proves Claim 1.
Suppose V (D) − V (C) ≠ ∅. By Lemma 2.2, we are done. Now suppose V (D) − V (C) = ∅. Since |V (D)| ≥ k + 1 and
|V (D)| = n, we have n ≥ k + 1. By Claim 1, y0 → yk. Note that C ′ = y0ykyk+1 . . . yn−1y0 is a cycle of length n − k + 1.
If n ≥ 2k − 1, then C ′ is a cycle of length at least k. By V (D) − V (C ′) ≠ ∅ and Lemma 2.2, D is complete. Now suppose
n ≤ 2k− 2. As (n, k− 1) = 1, we have n ≠ 2k− 2. So assume n ≤ 2k− 3. Recalling n ≥ k+ 1, we have k+ 1 ≤ n ≤ 2k− 3.
We consider two cases.
Case 1. n = k+ 1.
For any i ∈ {0, 1, . . . , n−1}, by Claim 1 and n−k = 1, we have that yi+1 → yi. SinceD is not a symmetrical (k+1)-cycle,
there exists a diagonal in C . Assume, without loss of generality, that y0 dominates some vertex of {y2, y3, . . . , yk−1}.
Claim 2. If y0 → yk−1 or y0 → y2, then D is complete.
By symmetry, we only prove that the claim holds when y0 → yk−1. Note that C ′ = y0yk−1yk−2 . . . y1y0 is a cycle of length
k and yk ∉ V (C ′). By Lemma 2.2, D is complete. The claim holds.
By symmetry and Claim 2, we assume, without loss of generality, that y0 → yt , with 3 ≤ t ≤ k2 , which also implies that
k ≥ 6. As k− 1 is prime, k is even.
Claim 3. For any i ∈ {0, 1, . . . , k}, yi → yi+t → yi.
Note that yt+1yt+2 . . . yky0ytyt−1 . . . y1 is a path of length k which implies that yt+1 → y1. Again y2y3 . . . yt+1y1y0yk . . .
yt+2 is a path of length k, which implies y2 → yt+2. Continuing in this way, we have that, for any i ∈ {0, 1, . . . , k}, if i is
even, then y0+i → yt+i; if i is odd, yt+i → y0+i. Since k − 1 is prime and n = k + 1, we have n is odd. Similar to the above
argument, we can obtain that if yi → yi+t , then yi+t+n → yi+n, that is, yi+t → yi; if yi+t → yi, then yi+n → yi+t+n, that is,
yi → yi+t . This proves Claim 3.
Subcase 1.1. t = k2 .
By Claim 3, we have yt → yk, yk → yt−1 and y1 → yt+1. This implies a path of length k,
y0ytykyt−1yt−2 . . . y1yt+1yt+2 . . . yk−1. Hence y0 → yk−1. By Claim 2, we are done.
Subcase 1.2. t = k2 − 1.
By Claim 3, we have yt+1 → y1, yt−1 → yk and yk → yt+2. This implies a path of length k,
y0ytyt+1y1y2 . . . yt−1ykyt+2yt+3 . . . yk−1. Hence y0 → yk−1. By Claim 2, we are done.
Subcase 1.3. t ≤ k2 − 2.
By Claim 3, we have yt+1 → y1, yt−1 → yk, which implies a path of length k, y0ytyt+1y1y2 . . . yt−1ykyk−1 . . . yt+2. Hence
y0 → yt+2. Continuing in the way, we can obtain y0 → y k
2−1 or y0 → y k2 . By Subcases 1.1 and 1.2. we are done.
Case 2. k+ 2 ≤ n ≤ 2k− 3.
First let us prove the following two claims.
Claim 4. Given an integer m ≥ 0 such that (k− 1)−m(n− k+ 1) ≥ 0 and let Pm = C[y(k−1)−m(n−k+1), y0]. Then there exists
a Hamiltonian path Hm from y0 to y(k−1)−m(n−k+1) in Pm.
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Fig. 1. The desired Hamiltonian path in Pm .
We prove this claim by induction on m. Suppose m = 0. By Claim 3, y0 → yk and yn−1 → yk−1. Then H0 =
y0ykyk+1 . . . yn−1yk−1 is a path which contains every vertex of P0. Hence H0 is the desired path. Now suppose m ≥ 1 and
assume that there exists a Hamiltonian path Hm−1 from y0 to y(k−1)−(m−1)(n−k+1) in Pm−1. By Claim 3, y(k−1)−(m−1)(n−k+1) →
y(k−1)−(m−1)(n−k+1)−(n−k) = y(k−1)−m(n−k+1)+1 and y(k−1)−(m−1)(n−k+1)−1 → y(k−1)−(m−1)(n−k+1)−1−(n−k) = y(k−1)−m(n−k+1).
Then Hm−1y(k−1)−m(n−k+1)+1y(k−1)−m(n−k+1)+2 . . . y(k−1)−(m−1)(n−k+1)−1y(k−1)−m(n−k+1) is the desired Hamiltonian path in Pm
(see Fig. 1).
Claim 5. If there exists an integer i ∈ {2, 3, . . . , n− k+ 1} such that y0 → yi, then D is complete.
Since y0 → yi, we have y0yiyi+1 . . . yn−1y0 is a cycle of length n− i+ 1 ≥ n− (n− k+ 1)+ 1 = k. By Lemma 2.2, D is
complete. This proves Claim 5.
Letm′ bemaximal such that (k−1)−m′(n−k+1) ≥ 0. By themaximality ofm′, (k−1)−m′(n−k+1) ≤ n−k, which also
implies thatm′ ≥ 1. If (k−1)−m′(n−k+1) = 0, then since k−1 is prime,we havem′ = 1 and n−k+1 = k−1, orm′ = k−1
and n−k+1 = 1. This is a contradiction to a fact k+2 ≤ n ≤ 2k−3. Hencewe have 1 ≤ (k−1)−m′(n−k+1) ≤ n−k. By
Claim 4, there exists a Hamiltonian path Hm′−1 from y0 to y(k−1)−(m′−1)(n−k+1) in Pm′−1 and there exists a Hamiltonian path
Hm′ from y0 to y(k−1)−m′(n−k+1) in Pm′ . Note that the length of Hm′ is n−[(k− 1)−m′(n− k+ 1)] ≥ n− (n− k) = k and the
length ofHm′−1 is n−[(k−1)−(m′−1)(n−k+1)] = n−[(k−1)−m′(n−k+1)]−(n−k+1) ≤ n−1−(n−k+1) = k−2.
Hence, there exists i ∈ {(k − 1) − m′(n − k + 1), (k − 1) − m′(n − k + 1) + 1, . . . , (k − 1) − (m′ − 1)(n − k + 1) − 1}
such that Hm′ [y0, yi] is a path of length k, which also implies that y0 → yi.
If i ∈ {2, 3, n− k+ 1}, then by Claim 5, we are done.
Suppose that i = 1. By the structure of Hm′ and the length of Hm′−1 at most k− 2, we have i = (k− 1)−m′(n− k+ 1).
Hence Hm′ [y0, yi] = Hm′ . Since Hm′ [y0, yi] is a path of length k, we have n− (k− 1)+m′(n− k+ 1) = k. Again since i = 1,
we have (k− 1)−m′(n− k+ 1) = 1 and so n = k+ 1, a contradiction to n ≥ k+ 2.
Now suppose that i > n − k + 1. If i = n − k + 2, then by the structure of Hm′ [y0, yi], the length of Hm′ [y0, yi] is
n−[(k−1)−(m′−1)(n−k+1)]+(n−k+2)−[(k−1)−m′(n−k+1)+1]+1 = k. Thenwehave 3(k−1)−n = 2m′(n−k+1),
a contradiction to the fact (n, k − 1) = 1. Hence, i ≥ n − k + 3. By (k − 1) − m′(n − k + 1) ≤ n − k and the structure of
Hm′ , we have that Hm′ [y0, yi−1] is a path of length k − 1. By Claim 3, yi−1 → y(i−1)−(n−k). Then Hm′ [y0, yi−1]y(i−1)−(n−k)
is a path of length k and so y0 → y(i−1)−(n−k). Note that 2 = (n − k + 3 − 1) − (n − k) ≤ (i − 1) − (n − k) <
[(k − 1) − (m′ − 1)(n − k + 1) − 1 − 1] − (n − k) ≤ [(n − k) + (n − k + 1) − 2] − (n − k) = n − k − 1. By
Claim 5, we are done. 
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